Introduction
Throughout this paper, all groups are finite. Many authors have investigated the structure of a finite group G under the assumption that some subgroups of prime power order of G are well situated in G. Ito [11] proved that a group G of odd order is nilpotent provided that every subgroup of G of prime order lies in the center of G. An extension of Ito's result is the following statement ([10, p. 435]): If, for an odd prime p, every subgroup of G of order p lies in the center of G, then G is p-nilpotent; if all elements of G of orders 2 and 4 lie in the center of G, then G is 2-nilpotent. Buckley [6] proved that if G is of odd order and every subgroup of G of prime order is normal in G, then G is supersolvable. Srinivasan [16] proved that if every maximal subgroup of every Sylow subgroup of G is normal in G, then G is supersolvable.
We say, following P. Hall, that a subgroup H of G is pronormal in G if for each g 2 G, the subgroups H and H g are conjugate in hH; H g i. Clearly, a normal subgroup of G is pronormal in G; a Hall subgroup of a solvable normal subgroup N of a group G is a pronormal subgroup of G; and a maximal subgroup of G is pronormal in G (see [7] ). The pronormality of subgroups of a group G plays an important role in investigating the structure of G. For example, it is known that if every p-subgroup of G is pronormal in G, where p is the smallest prime dividing jGj, then G is p-nilpotent (see [14, p. 288] ). Peng [12] proved that all subgroups of a group G of prime power order are pronormal in G if and only if G is a solvable t-group (a t -group is a group G whose subnormal subgroups are all normal in G). In [4] , the author and Ramadan proved that if p is the smallest prime dividing the order of a group G and every cyclic subgroup of G of order p or 4 (when p D 2) is 408 M. Asaad pronormal in G, then G is p-nilpotent. The author also proved that if G is a group of odd order and every subgroup of G of prime order is pronormal in G, then G is supersolvable (see [1] ).
As a generalization of pronormality, we introduce the following new concept: Definition 1.1. A subgroup H of a group G is called weakly pronormal in G if there exists a subgroup K of G such that G D HK and H \ K is pronormal in G.
Clearly, a pronormal subgroup of G is weakly pronormal in G. The converse is not true as the following example shows:
where S 4 is the symmetric group of degree 4. Let H D h.12/i and let P be a Sylow 2-subgroup of G 1 such that H 6 P . Clearly, P is a dihedral subgroup of G 1 of order 8. Let G 2 be a non-nilpotent group such that .jG 1 j; jG 2 j/ D 1. Clearly, G 2 contains a non-normal Sylow subgroup, say Q. Let G D G 1 G 2 : Now it follows easily that Q is pronormal in G. Clearly, one has G 1 D HK, where K D A 4 is the alternating group of degree 4. Since G D G 1 G 2 , it follows that HQ; PQ and KG 2 are subgroups of G. We argue that HQ is not pronormal in G. If not, HQ is pronormal in G and so HQ is pronormal in PQ. It is easy to note that HQ is subnormal in PQ. Then HQ is both subnormal and pronormal in PQ and hence HQ is normal in PQ by [7, Lemma 6.3 (d) ]. So H D HQ \ P is normal in P , a contradiction. Thus HQ is not pronormal in G. Clearly, G D .HQ/.KG 2 /, HQ \ KG 2 D Q and Q is pronormal in G.
The main purpose of this paper is to investigate the structure of a group G under the assumption that some subgroups of G are weakly pronormal in G. More precisely, we prove the following results: Theorem 1.3. Let P be a Sylow p-subgroup of G, where p is the smallest prime dividing jGj. If P is not cyclic and P has a subgroup D such that 1 < jDj < jP j and every subgroup of P of order jDj or pjDj is abelian and weakly pronormal in G, then G is p-nilpotent. Theorem 1.4. Let F be a saturated formation containing the class of all supersolvable groups and G be a group with a normal subgroup E such that G=E 2 F . Let ¹p 1 ; p 2 ; : : : ; p n º be the set of distinct primes dividing jEj, where n > 1, and let P i be a Sylow p i -subgroup of E (i D 1; 2; : : : ; n). If P i is not cyclic, suppose that P i has a subgroup D with 1 < jDj < jP i j such that every subgroup of P i of order jDj or p i jDj (i D 1; 2; : : : ; n) is abelian and weakly pronormal in G.
Unfortunately, the hypotheses in Theorem 1.3 that every subgroup of P of order pjDj is abelian and weakly pronormal in G cannot be removed as the following example shows: Example 1.5. Let P be a Sylow 2-subgroup of S 4 . Then P is not cyclic, P has a subgroup D of order 4 and every subgroup of P of order 4 is pronormal in S 4 and so every subgroup of P of order 4 is weakly pronormal in S 4 . But S 4 is not 2-nilpotent. Theorem 1.4 is not true if every non-cyclic Sylow subgroup P of E has a subgroup D such that 1 < jDj < jP j and every subgroup of P of order jDj is abelian and weakly pronormal in G as the following example shows: Example 1.6. Let E be an elementary abelian group of order 16 and let˛be a fixed-point-free automorphism of E of order 3 and denote by G D OEEh˛i the corresponding semidirect product. Then G has exactly five normal subgroup D i of order 4 and each non-identity element of E lies in exactly one of these. So every subgroup H of order 4 has a non-trivial intersection with exactly three of the five subgroups D i h˛i and so H is complemented by each of the other two subgroups of this form (see [13] ). Since every subgroup H of E of order 4 is complemented in G, it follows easily that every subgroup H of E of order 4 is weakly pronormal in G. Clearly, G is not supersolvable.
As a corollary of Theorem 1.3, we have Theorem 1.7. Let P be a Sylow p-subgroup of a group G, where p is the smallest prime dividing jGj. If P is not cyclic and P has a subgroup D such that 1 < jDj < jP j and every subgroup of P of order jDj or pjDj is of class less than p and weakly pronormal in G, then G is p-nilpotent.
As a corollary of Theorem 1.7, we have Theorem 1.8. Let F be a saturated formation containing the class of all supersolvable groups and G be a group with a normal subgroup E such that G=E 2 F . Let ¹p 1 ; p 2 ; : : : ; p n º be the set of distinct primes dividing jEj, where n > 1, and let P i be a Sylow p i -subgroup of E (i D 1; 2; : : : ; n). If P i is not cyclic, suppose that P i has a subgroup D with 1 < jDj < jP i j such that every subgroup of P i of order jDj or p i jDj (i D 1; 2; : : : ; n) is of class less than p i and weakly pronormal in G: Then G 2 F .
Most of the notation is standard and can be found in [7] and [14] . 410 M. Asaad 
Preliminaries
The following lemmas will be used in the proof of our results.
Lemma 2.1 (see [7, Lemma 6.3 ]; see also [12] ). Let H be a subgroup of a group G.
(2) Let K be a normal subgroup of G and K 6 H . Then H is pronormal in G if and only if H=K is pronormal in G=K.
(3) If H is both subnormal and pronormal in G, then H is normal in G.
Lemma 2.2. Let G be a group. Then:
(3) Let K be a normal subgroup of G and K 6 H . Then H is weakly pronormal in G if and only if H=K is weakly pronormal in G=K.
(4) Let K be a normal subgroup of G and let H be a subgroup of G such that .jKj; jH j/ D 1. If H is weakly pronormal in G, then HK=K is weakly pronormal in G=K.
(3) Assume that H=K is weakly pronormal in G=K: Then there exists a subgroup L=K of G=K such that G=K D .H=K/.L=K/ and .
Lemma 2.3 (see [4, Theorem 4.1] ). Let G be a group and let P be a Sylow p-subgroup of G, where p is the smallest prime dividing jGj.
(1) If G is of odd order and every subgroup of P of order p is pronormal in G, then G is p-nilpotent.
(2) If P is an abelian 2-group and every subgroup of P of order 2 is pronormal in G, then G is 2-nilpotent.
(3) If P is a non-abelian 2-group and every cyclic subgroup of P of order 2 or 4 is pronormal in G, then G is 2-nilpotent.
Lemma 2.4. Let G be a group and let P be a Sylow p-subgroup of G, where p is the smallest prime dividing jGj.
(1) If G is of odd order and every subgroup of P of order p is weakly pronormal in G, then G is p-nilpotent.
(2) If P is an abelian 2-group and every subgroup of P of order 2 is weakly pronormal in G, then G is 2-nilpotent.
(3) If P is a non-abelian 2-group and every cyclic subgroup of P of order 2 or 4 is weakly pronormal in G, then G is 2-nilpotent.
Proof. Suppose that G is not p-nilpotent and let G be a counter-example of minimal order.
(1) Then, by Lemma 2.3 (1), there exists a subgroup H of P such that jH j D p and H is not pronormal in G. Hence, by the hypotheses of the lemma, H is weakly pronormal in G, i.e., there exists a subgroup K of G such that G D HK and H \ K is pronormal in G. Since H is not pronormal in G, it follows that H \ K D 1. Clearly, K is normal in G. By Lemma 2.2 (2), K satisfies the hypotheses of the lemma. Then K is p-nilpotent by the minimal choice of G, so G is p-nilpotent, a contradiction.
(2) Then, by Lemma 2.3 (2), there exists a subgroup H of order 2 such that H is not pronormal in G. By the hypotheses of the lemma, H is weakly pronormal in G, i.e., there exists a subgroup K of G such that G D HK and H \ K is pronormal in G. Since H is not pronormal in G, it follows that H \ K D 1. Clearly, K is normal in G. By Lemma 2.2 (2), K satisfies the hypotheses of the lemma. Then K is 2-nilpotent by the minimal choice of G, so G is 2-nilpotent, a contradiction.
(3) Since G is not 2-nilpotent, it follows that G contains a minimal non-2-nilpotent subgroup K. Then, by [10, Chapter IV, Satz 5.4], K is a minimal non-M. Asaad nilpotent subgroup of G and K D OEK 2 K q , where K 2 is a Sylow 2-subgroup of K and K q is a non-normal Sylow q-subgroup of K (2 < q) and the exponent of K 2 is at most 4. Hence, by Lemma 2.3, K 2 contains a cyclic subgroup L of order 2 or 4 such that L is not pronormal in K. By the hypotheses of the lemma, L is weakly pronormal in G and so L is weakly pronormal in K by Lemma 2.2 (2)
Following Ballester-Bolinches, Wang and Guo [5] , a subgroup H of a group G is said to be c-supplemented in G if G has a subgroup K such that G D HK and H \ K 6 H G , where H G is the largest normal subgroup of G contained in H . Lemma 2.5 (see [2, Theorem 3.5] ). Let G be a group and let P be a Sylow p-subgroup of G, where p is the smallest prime dividing jGj. Suppose that P has a subgroup D such that 1 < jDj < jP j and every subgroup of P with jDj or pjDj is c-supplemented in G. Then G is p-nilpotent. . Let G be a group and let P be a non-cyclic Sylow p-subgroup of G, where p is the smallest prime dividing jGj. Suppose that P has a subgroup D such that 1 < jDj < jP j.
(1) If G is of odd order and every subgroup H of P with jH j D jDj is normal in G, then G is p-nilpotent.
(2) If P is an abelian 2-group and every subgroup H of P of order jDj is normal in G, then G is 2-nilpotent. . Let G be a group and let P be a Sylow p-subgroup of G.
(1) If P is abelian and N G .P / is p-nilpotent, then G is p-nilpotent.
(2) If P is cyclic and p is the smallest prime dividing jGj, then G is p-nilpotent.
Lemma 2.9. Let G be a group and let P be a non-cyclic Sylow 2-subgroup of G. Suppose that P is abelian and P has a subgroup D such that 1 < jDj < jP j and every subgroup of P of order jDj is pronormal in G. Then G is 2-nilpotent.
Proof. Let N D N G .P /. Then, by Lemma 2.1 (1), every subgroup of P of order jDj is pronormal in N , so, by Lemma 2.1 (3), every subgroup of P of order jDj is normal in N . Hence, by Lemma 2.7 (2), N is 2-nilpotent and so G is 2-nilpotent by Lemma 2.8 (1).
Let p be a prime and G any group. Define O p .G/ to be the group generated by all elements of G of order prime to p. Let P be a Sylow p-subgroup of G. A subgroup Q of P is said to be weakly closed in P (with respect to G) if, whenever x 2 G and Q x 6 P , then Q x D Q. Write e p .u; z/ D OEu; z; z; : : : ; z " ƒ‚ … p 1
for all u 2 P , all z 2 Q. (1) e p .u; z/ D 1 for all u 2 P , all z 2 Q:
(2) e p 1 .u; z/ D 1 for all u; z 2 Q: (3) Q 6 Z p 1 .P / the .p 1/st term of ascending central series for P . Lemma 2.11. Let G be a group of odd order and let P be a non-cyclic Sylow p-subgroup of G, where p is the smallest prime dividing jGj. Suppose that P has a subgroup D such that 1 < jDj < jP j and every subgroup of P of order jDj is abelian and pronormal in G. Then G is p-nilpotent.
Proof. Suppose that G is not p-nilpotent and let G be a counter-example of minimal order. Then, by Lemma 2.7 (1), there exists a subgroup H of P such that jH j D jDj and H is not normal in G. Let N D N G .H /: By the hypotheses of the lemma, H is pronormal in G. Then H is weakly closed in P with respect to G and so H is normal in P . Hence P 6 N < G. By Lemma 2.1 (1) , N satisfies the hypotheses of the lemma. Then N is p-nilpotent by the minimal choice of G. This together with Lemma 2.10 imply that
Lemma 2.12 (see [2, Theorem 1.3] ). Let F be a saturated formation containing the class of all supersolvable groups and G be a group with a normal subgroup E such that G=E 2 F : Let ¹p 1 ; p 2 ; : : : ; p n º be the set of distinct primes dividing jEj, where n > 1, and let P i be a Sylow p i -subgroup of E (i D 1; 2; : : : ; n). Suppose that P i has a subgroup D such that 1 < jDj < jP i j and every subgroup H of P i of order jDj or p i jDj (i D 1; 2; : : : ; n) is c-supplemented in G. Then G 2 F : Lemma 2.13 (see [15, Lemma 2.16] ). Let F be a saturated formation containing the class of all supersolvable groups. Let G be a group with a normal subgroup E such that G=E 2 F . If E is cyclic, then G 2 F : Lemma 2.14 (see [8, Theorem 8.3 .1]). Let P be a Sylow p-subgroup of a group G, where p > 2: If N G .Z.J.P /// is p-nilpotent, then G is p-nilpotent.
Proofs of the main results
Proof of Theorem 1.3. Suppose that the theorem is false and let G be a counterexample of minimal order. Then:
Then G=O p 0 .G/ satisfies the hypotheses of the theorem by Lemma 2.2 (4). The minimality of G implies that G=O p 0 .G/ is p-nilpotent and so G is p-nilpotent, a contradiction.
(2) Let K be a proper subgroup of G and let R be a Sylow p-subgroup of K: If jRj > jDj; then K is p-nilpotent. If R is cyclic, then K is p-nilpotent by Lemma 2.8 (2). Thus R is not cyclic. Then, by Lemma 2.2 (2), K satisfies the hypotheses of the theorem. Hence K is p-nilpotent by the minimal choice of G.
We can assume that P \ N is a Sylow p-subgroup of N . Hence if P \ N is cyclic, N is p-nilpotent by Lemma 2.8 (2). Thus P \ N is not cyclic. We argue that jP \ N j > jDj. If not, jP \ N j 6 jDj. By the hypotheses of the theorem, there exists an abelian subgroup L of P such that jLj D pjDj and P \ N 6 L 6 P . Then H is normal in L and so L 6 N < G; a contradiction. Thus jP \ N j > jDj. Then, by (2) , N is p-nilpotent. Hence, by Lemma 2.6, G is p-nilpotent, a contradiction.
Hence if P =L is cyclic, G=L is p-nilpotent by Lemma 2.8 (2) and so G is p-nilpotent, a con-tradiction. Thus P =L is not cyclic. By (3), jDj > jLj D p: By Lemma 2.2 (3), G=L satisfies the hypotheses of the Theorem. Then G=L is p-nilpotent by the minimal choice of G and so G is p-nilpotent, a contradiction.
(6) The final contradiction. Let C D C G .O p .G// and let P 1 be a Sylow p-subgroup of C . Hence if P 1 is cyclic, C is 2-nilpotent by Lemma 2.8 (2). By (1), O 2 0 .G/ D 1 and so C is a normal p-subgroup of G which implies that P 1 D C: Let L be a subgroup of P 1 of order p: Then L is normal in G. Hence if P =L is cyclic, G=L is p-nilpotent by Lemma 2.8 (2) and so G is p-nilpotent, a contradiction. Thus P =L is a non-cyclic Sylow p-subgroup of G=L. By (3), jDj > jLj D p: By Lemma 2.2 (3), G=L satisfies the hypotheses of the theorem. Then G=L is p-nilpotent by the minimal choice of G and hence G is p-nilpotent, a contradiction. Thus P 1 is a non-cyclic Sylow p-subgroup of C .
Assume first that jO p .G/j 6 jDj. Then, by the hypotheses of the theorem, there exists an abelian subgroup L of P of order pjDj such that O p .G/ 6 L. Hence L 6 C and so jP 1 j > jDj. By (5), C ¤ G. By (2), C is p-nilpotent. Then, by (1),
Assume now that jO p .G/j > jDj. Let Q be any Sylow subgroup of G of odd order. Then, by Lemma 2.1 (4), every subgroup of
Then L is normal in G and, by (3) , jDj > jLj D p. Hence if P =L is cyclic, G=L is p-nilpotent by Lemma 2.8 (2) and so G is p-nilpotent, a contradiction. Thus P =L is not cyclic. By Lemma 2.2 (3), G=L satisfies the hypotheses of the theorem. Then G=L is p-nilpotent by the minimal choice of G and so G is p-nilpotent, a contradiction.
Corollary 3.1. Let G be a group and let P be a non-cyclic Sylow p-subgroup of G, where p is the smallest prime dividing jGj. Suppose that P has a subgroup D such that 1 < jDj < jP j and every subgroup of P of order jDj or 2jDj (if P is a nonabelian 2-group) is abelian and pronormal in G: Then G is p-nilpotent.
Proof. If P is a non-abelian 2-group, then, by Theorem 1.3, G is 2-nilpotent. If P is abelian 2-group, then, by Lemma 2.9, G is 2-nilpotent. If G is of odd order, then, by Lemma 2.11, G is p-nilpotent.
Corollary 3.2. Let G be a group. Let ¹p 1 ; p 2 ; : : : ; p n º be the set of distinct primes dividing jGj, where n > 1, and let P i be a Sylow p i -subgroup (i D 1; 2; : : : ; n). If P i is not cyclic, suppose that P i has a subgroup D such that 1 < jDj < jP i j and every subgroup of P i of order jDj or p i jDj (i D 1; 2; : : : ; n) is abelian and weakly pronormal in G. Then G is supersolvable.
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Proof. Suppose that the corollary is false and let G be a counter-example of minimal order. Then G is not of prime power order. By Lemma 2.8 (2) and Theorem 1.3, G possesses a Sylow tower of supersolvable type, so P is normal in G, where P is a Sylow p-subgroup of G and p is the largest prime dividing jGj. By Lemma 2.2 (4), G=P satisfies the hypotheses of the theorem, so G=P is supersolvable by the minimal choice of G. Hence if P is cyclic, G is supersolvable, a contradiction. Thus P is not cyclic and so every subgroup of P of order jDj or pjDj is c-supplemented in G by Lemma 2.1 (3). Hence, by Lemma 2.12, G is supersolvable, a contradiction.
Proof of Theorem 1.4. Suppose that the theorem is false and let G be a counterexample of minimal order. Then, by Lemma 2.2 (2) and Corollary 3.2, E is supersolvable and so E ¤ G. Since E is supersolvable, it follows that P is normal in E, where P is a Sylow p-subgroup of E and p is the largest prime dividing jEj. We argue that P ¤ E. If not, P D E. Then, by Lemma 2.13, P is not cyclic. Hence, by Lemma 2.1 (3), every subgroup of P of order jDj or pjDj is c-supplemented in G and so G 2 F by Lemma 2.12, a contradiction. Thus P ¤ E: Since P is characteristic in E and E is normal in G, it follows that P is normal in G. By Lemma 2.2 (4), G=P satisfies the hypotheses of the theorem and so G=P 2 F by the minimal choice of G. The same argument as above shows that G 2 F ; a contradiction.
Proof of Theorem 1.7. Suppose that the theorem is false and let G be a counterexample of minimal order. Then:
(1) P is not cyclic. Assume that P is cyclic. Then, by Lemma 2.8 (2), G is p-nilpotent, a contradiction.
(2) Let L < G and P 6 L. Then L is p-nilpotent. By (1), P is not cyclic. Then, by Lemma 2.2 (2), L satisfies the hypotheses of the theorem. Hence L is p-nilpotent by the minimal choice of G.
(3) G is of odd order. Assume that G is of even order. By (1), P is not cyclic. Then, by the hypotheses of the theorem, every subgroup of P of order jDj or 2jDj is abelian and weakly pronormal in G. Hence, by Theorem 1.3, G is 2-nilpotent, a contradiction.
Then we have N < G and P 6 N: Then, by (2) , N is p-nilpotent. Hence, by Lemma 2.14, G is p-nilpotent, a contradiction.
, P is not cyclic. Then, by Lemma 2.1 (3), every subgroup of P of order jDj or pjDj is c-supplemented in G. Hence, by Lemma 2.5, G is p-nilpotent, a contradiction.
(6) jP j > pjDj. By (1), P is not cyclic. By the hypotheses of the theorem, jP j > pjDj: Assume that jP j D pjDj: Then, by the hypotheses of the theorem, cl.P / < p: By (5), N G .P / < G: Then, by (2) , N G .P / is p-nilpotent. Hence, by Lemma 2.10, G is p-nilpotent, a contradiction.
(7) O p .G/ is not cyclic. Assume that O p .G/ is cyclic. By (4) , O p .G/ ¤ 1. Let L be a subgroup of O p .G/ of order p. Then L is normal in G. Hence if P =L is cyclic, G=L is p-nilpotent be Lemma 2.8 (2) and so G is p-nilpotent, a contradiction. Thus P =L is not cyclic. By Lemma 2.4 (1) and the minimal choice of G, jDj > jLj D p. Then by Lemma 2.2 (3), G=L satisfies the hypotheses of the theorem. Hence G=L is p-nilpotent by the minimal choice of G and so G is p-nilpotent, a contradiction. As O p .G/ < H; it follows that N < G: Also P 6 N , because N P 6 N N . By (2) , N is p-nilpotent and so N N is p-nilpotent. Once again, Lemma 2.14 implies that N G is p-nilpotent. Hence there exists a normal subgroup M of G such that O p .G/ 6 M and jG=M j D p. Let R be a Sylow p-subgroup of M . By (7), R is not cyclic. By (6) , jRj > pjDj: Then, by Lemma 2.2 (2), M satisfies the hypotheses of the theorem, so M is p-nilpotent by the minimal choice of G: Hence G is p-nilpotent, a contradiction.
Applying Theorem 1.7 and following the proof of Corollary 3.2, we have Corollary 3.3. Let G be a group and ¹p 1 ; p 2 ; : : : ; p n º be the set of distinct primes dividing jGj, where n > 1; and P i be a Sylow p i -subgroup of G (i D 1; 2; : : : ; n). If P i is not cyclic, suppose that P i has a subgroup D such that 1 < jDj < jP i j and every subgroup of P i of order jDj or p i jDj (i D 1; 2; : : : ; n) is of class less than p i and weakly pronormal in G: Then G is supersolvable. 
